The Liouville action for two-dimensional quantum gravity coupled to interacting matter contains terms that have not been considered previously. They are crucial for understanding the renormalization group flow and can be observed in recent matrix model results for the phase diagram of the Sine-Gordon model coupled to gravity.
Introduction
In the Liouville approach, [1, 2] two dimensional quantum gravity coupled to c ≤ 1 matter 'x' is formulated in terms of fields propagating on a fictitious background metricĝ αβ . The action is the appropriate conformally invariant free action plus interaction terms which are usually assumed to be of the form
where Φ i are primary fields of the matter theory, the τ i are small coupling constants, φ is the Liouville mode and the α i are adjusted to make the dimensions of the operators equal to two.
However, (1.1) can not be the complete interaction, for at least two reasons:
1. The operators in (1.1) are not exactly marginal. * They should be, because as a consequence of general covariance the Liouville theory must be background independent. [1, 2] Therefore the beta functions of the theory must be zero to all orders in the couplings. Adjusting α i in (1.1) makes them zero to first order, but whenever there are nontrivial OPE's, the beta functions have quadratic pieces. ⋆ 2. The renormalization group flow would be quite trivial with (1.1). As mentioned, there should be no flow with respect to the fictitious background scale √ĝ .
But, as explained in section 3, a constant shift of φ should be interpreted as a rescaling of the physical cutoff, [3, 4, 5] and should in particular result in a mixing (flow) between different operators. This does not happen in (1.1).
As shown in section 2, the first problem can be solved by adding a term
to the interaction (1.1) where c k ij are the operator product coefficients. This, in fact, also resolves the second problem: the modified interaction displays the expected operator mixing under shifts of φ by a constant. Requiring that there be no flow w.r.t. the background scale √ĝ determines the flow w.r.t. the physical scale √ĝ e αφ .
For the case of the Sine-Gordon model coupled to gravity it will be seen that this flow qualitatively agrees with recent matrix model results by Moore. [6] (1.2) should be viewed as a second order correction to the gravitational dressing of the Φ i (x). It is conjectured that further modifications of (1.1)+(1.2) can be made order by order in the τ i , leading to an infinite dimensional space of exactly marginal perturbations.
The paper is organized as follows:
In section 2, the second order corrections (1.2) are discussed. First, it is shown in subsection 2.1 that the interaction (1.1) plus (1.2) is marginal up to second order.
That the correction (1.2) is essentially unique is argued in appendix A by thinking of the marginality conditions as equations of motion of string theory. The c = 1 model coupled to gravity is discussed as an example, the interaction terms being the SineGordon model near the Kosterlitz-Thouless momentum p = √ 2 and near p = In section 3, running coupling constants are discussed. They are defined in subsection 3.1 so that they absorb a constant shift of φ. In subsections 3.2 and 3.3 this is applied to the Sine-Gordon model and the resulting phase boundaries are compared with those found with the nonperturbative matrix model techniques. [6] It is seen that the presence of the terms (1.2) is crucial even for qualitative agreement of the matrix model-and the Liouville approaches. A more detailed comparison of both is left for later. The one-loop beta functions for the discrete c = 1 operators are also obtained.
In section 4, possible extensions of this work are pointed out, as well as implications for black hole hair and correlation functions. In particular, it is argued that the relation between correlation functions in the matrix model and in the Liouville approach is more complicated than often assumed.
Exactly Marginal Operators

The Terms of Order τ 2
In DDK's • approach, a conformal field theory with central charge c and Lagrangian L m (x) coupled to 2D gravity is described by the action [1, 2] S 0 = 1 8π ĝ{L m (x) + ∂φ 2 + QRφ + cosmological constant + ghosts} (2.1)
with Q = (25 − c)/3 and conformal factor φ. The cosmological constant will be neglected first, but included later. (see subsection 2.4.)
When L m (x) is perturbed by operators t i Φ i (x), these operators get "dressed" upon coupling to gravity. As mentioned in the introduction, the dressed interaction must be an exactly marginal operator, not only an operator of dimension two. Exact marginality is needed because in DDK's approach the background metricĝ is an arbitrary gauge choice that nothing should depend on. In particular, coupling constants
should not run with respect toĝ: all beta functions must be zero to all orders.
So far, this condition has been exploited only to first order [1, 2] . Here it will be exploited up to second order. Generally, [7] the beta functions for a perturbed conformally invariant theory S 0 ,
if the V i are primary fields of dimension ∆ i close to two. ∆ i j is the dimension matrix computed with S 0 . If the operators V k on the RHS of the operator algebra
also have dimension close to two , the coefficients c k ij are universal constants, inde-
• David, Distler and Kawaii * Here and below we omit powers of a length scale a, needed to make the τ i dimensionless. keeping only the radial dependence on the RHS; the rest drops out after integrating over r. pendent of the renormalization scheme used to compute them. Operators of other dimensions also appear on the RHS. For them, the c i jk are scheme-dependent, that is, not invariant under coupling constant redefinitions. Let us ignore them here.
⋆
We now show that β i = 0 + o(t 3 ) for the perturbation (1.1) plus (1.2):
3)
α i is adjusted to make the dimension ofV i exactly two. Without the o(τ )-corrections in V i , we would thus have ∆ i j = 2δ i j and β = 0 + o(τ 2 ) from (2.2). With them,
2). (2.5) can be derived by writing
defining the generator L 0 +L 0 of global scale transformations and differentiating with respect to α k the dimension formula
As a simple check of all this, one can consider rescaling ψ → (1 + λ)ψ in
This should keep the interaction marginal at o(γλ) and is equivalent to adding the terms 2λ ∂ψ 2 − √ 2λγ ψ sin √ 2ψ to the Lagrangian. Using the above method, one can check that the second term indeed arises as the correction to the first term.
⊙ ⋆ Presumably the scheme can be chosen so that they vanish.
• The question of the uniqueness of (1.2) is deferred to subsection 4.4.
The Sine-Gordon model
As an example, consider an uncompactified scalar field x coupled to gravity. Then c = 1 and Q = 2 √ 2. First, we perturb this model by the Sine-Gordon interaction, 6) and determine the o(m 2 ) corrections (2.3). To find the coefficients c k ij , consider the operator product expansion (OPE), using the propagator − log r 2 :
cos px e
As mentioned, we must look for nearly quadratic singularities, so that the c i jk are universal constants. The second line in (2.7) has quadratic singularities at the "discrete momenta" p ∈ {..., 0, 
From (2.3) and (2.4), the leading order corrections to (2.6) are obtained:
This will be further discussed in section 3. Note that from the string theory point of view, (2.8) describes the backreaction of the tachyon onto itself and the graviton. * corresponding to the discrete tachyons Φ j,±j of the next subsection ⋆ However, for p < 1 2 √ 2 the operators on the RHS do not exist. As a consequence, cos 2px−terms will not be induced and nothing happens at those momenta, as argued in appendix B.
The Discrete c = 1-Operators
As a second example, consider perturbing the c = 1 model with the nonrenormalizable so-called (chiral) discrete primaries Φ jm (x), [8] 
(2.9) with dimension j 2 and SU(2) indices j, m, the SU(2) algebra being generated by
is added to the matter Lagrangian, the dressed interaction is given to first order in the coupling constants by
The Φ jm can be rescaled such that the operator algebra of thê V jm has the w ∞ structure [9, 10] 
From (2.3) and (2.4) one obtains the second order interaction term
L int + δL is marginal up to order τ 2 . Again, with different renormalization schemes operators whose dimension is not two may also appear in δL.
Uniqueness and the Cosmological Constant
Next, we must ask whether the modifications (1.2) of the operators (1.1) are the unique modifications that achieve marginality up to order τ 2 . The situation is greatly clarified by thinking of the marginality conditions as equations of motion of string theory, as in ref. [3] . One concludes the following (more details are in appendix A):
The marginality conditions are second order differential equations in φ and x.
Their solutions are unique after two boundary conditions are imposed, namely: (i):
the modifications must vanish at φ = 0, and (ii): the second, more negative Liouville dressing (as e.g., in (A.5)) does not appear. Boundary condition (ii) arises because operators with the more negative Liouville dressing do not exist.
Boundary condition (i) comes about because the Liouville mode φ lives on a half line: [3] The sum over geometries can be covariantly regularized as a sum over random lattices. Then no two points can come closer to each other than the lattice spacing a:
(recall that α < 0.) After shifting φ so that φ 0 = 0, boundary condition (i) states that the action S(φ = 0) at the cutoff scale is the bare action (see e.g., (A.4)). [3] The correction terms found above obey the boundary conditions (i) and (ii) and are therefore unique. Of course, there is always an ambiguity due to field redefinitions, that is, to choosing different renormalization schemes when computing the beta function. There is no problem as long as we stick to one scheme. * Another important question is how the cosmological constant modifies our results.
The problem with the cosmological constant operator is that it cannot be made small in the IR (φ → −∞). It can only be shifted in the φ-direction. Thus it cannot be treated perturbatively, rather it should be included from the start in S 0 of (2.1). In its presence the OPE's used above are modified. Applying the discussions in refs. [3, 11, 12] , one tentatively concludes the following (more details are in appendix B):
1. The effects of the cosmological constant on gravitiational dressings can be neglected in the ultraviolet (φ ∼ 0), but not in the infrared (φ → −∞).
2. In the Sine-Gordon model coupled to gravity, no unwanted terms with cos 2px are induced because the OPE's are "softer" than in free field theory (see (A.4-5) ).
This will be confirmed in section 3 by the agreement with matrix model results. * Actually, the scheme used subsection 2.1. is not the same as the one used for the string equations of motion in appendix A, but this does not affect the above conclusions.
Running Coupling Constants
Renormalization Group Transformations
In subsections 3.1 and 3.2, the cosmological term will be assumed to be µ e − √ 2φ
to simplify the discussion, which can be generalized to more complicated forms like
Consider rescaling the cutoff a → ae ρ in the path integral of 2D gravity, From (2.11) one sees that this induces a shift of the bound φ 0 → φ 0 + λ, in addition to an ordinary RG transformation. Here,
In fact, since ordinary RG transformations are irrelevant (all beta functions are zero),
only the shift of the bound remains. The constant shift of the bound is equivalent to a constant shift of the Liouville mode, φ → φ + λ. Let us absorb this shift in "running coupling constants" τ (λ), τ 0 ≡ τ (0), defined by:
After expressing λ in terms of ρ, ⊗ one obtains the renormalization group flow τ (ρ)
(for similar conclusions, see [4, 13] .)
As mentioned above, the action (3.2) corresponds to a classical solution of string theory with two-dimensional target space (x, φ). The equations of motion of classical string theory thus play the role of the Gell-Mann-Low equations in the presence of gravity. [4] They contain second (and higher) order derivatives of φ, i.e. ρ. It has been suggested that those are due to the contribution of pinched spheres in the functional integral over metrics. [14] ⊕ More generally, ρ = Tµ(0) with cosmological constant T µ as in (B.2) ⊗ This is more complicated with T µ . But to find phase boundaries, τ (λ) will be good enough.
Sine-Gordon Model near
We now apply the preceding to the examples worked out in section 2, starting with the Sine-Gordon model. In flat space, at p = √ 2 the Kosterlitz-Thouless phase transition occurs. With gravity, at p = √ 2 + ǫ the action is to order (m, ǫ) 2 (see (2.8);
we ignore o(µ)-corrections of the Sine-Gordon interaction):
To o(m, ǫ) 2 , a shift φ → φ + λ can be absorbed in the λ-dependent couplings
In deriving ǫ(λ), the λm 2 ∂x 2 term has been absorbed in a redefinition of x and then in a shift of ǫ. Defining 'prime' as d dλ , we get agrees with the matrix model result [6] m ∝ ǫ e 
With our normalizations, the effective cosmological constant is now µ + Let us therefore identify the region where µ + m 2 δ π 2 is negative with region IV of [6] . We leave a further interpretation of the situation near p = 1 2 √ 2 for the future.
The Discrete Operators
We can also determine the one-loop beta function for the "discrete" interactions (2.9) of subsection 2.3. From (2.10),
Constant shifts φ → φ + λ are absorbed up to o(τ 2 ) in:
From this we find the one loop beta function (using (3.1)):
Thus, turning on the operators ΦΦ j ′ m ′ with j ′ > 1 will in general induce an infinite set of higher spin operators ΦΦ jm at o(τ 2 ), whose couplings were originally turned off. This is what one expects from these nonrenormalizable operators, but it would not happen without the o(τ 2 ) modification δL.
Outlook
Correlation Functions
The modifications (1.2) are important not only for understanding the renormalization group flow but also for computing correlation functions in Liouville theory.
They imply the identification (the notation is as in (2.4)):
where < ... > G and < ... > L denote correlation functions computed in the matrix model (Gravity) and in Liouville theory, respectively, and κ l = π/(Q + 2α l ). τ i is related to the t j in some nontrivial way. [16] Geometrically, the extra terms on the RHS can be interpreted as arising from pinched spheres in the sum over surfaces. (5.1) has consequences for the correspondence of matrix model and Liouville correlation functions. Expanding both sides and temporarily identifying t and τ ⋆ yields, e.g, for the two-point function:
In fact, the last term is necessary for background invariance: Inserting a covariant regulator like Θ( √ĝ e φ |z − w| 2 − a 2 ) into the two-point function induces new background dependence, coming from the integration region z ∼ w [7] . By construction, the one-point functions added in (5.2) are precisely the ones needed to cancel this dependence.
Analoguously, additional terms like the ones in (5.2) are also present in higher point functions. They can be determined by background invariance. It should be possible to see them in matrix model computations, e.g., of higher-point functions of ⋆ The nontrivial relation between τ and t noted in [16] corresponds to the appearance of operatorsV l (instead of φV l ) on the RHS of (5.1). They are also present, but let us here focus on the new type of operators φV l .
tachyons at the "disctrete" momenta. It then needs to be better understood why we can recover some of the matrix model correlators with the method of Goulian and Li from the Liouville correlators, [17, 18] without the extra terms in (5.2).
Black Hole Hair
The conjecture that all the discrete operators, in particular the 'static' ones Φ j,0
with zero x-momentum can be turned into exactly marginal ones implies that each Φ j,0 adds a new dimension to the space of black hole solutions of classical 2D string theory, corresponding to higher spin (not only metric) hair. It will be very interesting to better understand in how far this is significant for the issue of information loss in black holes. [19] 
Four Dimensions
It would also be interesting to extend this work to four dimensions. Fourdimensional Euclidean quantum geometry is, at the least, an interesting statistical mechanical model. At the ultraviolet fixed point of infinite Weyl coupling, where the theory is asymptotically free [20] it can be solved with the methods of two dimensional quantum gravity in conformal gauge. [21] Perturbing away from this limit is similar to adding perturbations to the free c = 1 theory. One might be able to find a phase diagram for Euclidean quantum gravity by generalizing the method suggested in this paper.
Summary
In the Liouville theory approach to 2D quantum gravity coupled to an interacting scalar field, new terms appear in the Lagrangian at higher orders in the coupling constants. They are required by background invariance and cannot be eliminated by a field redefinition when the interaction is given by one of the discrete tachyons or higher-spin operators.
The new terms are crucial for obtaining the correct phase diagram, as found with the nonperturbative matrix model techniques in the case of the Sine-Gordon model. We have partly interpreted this diagram, but the transition below 
Note added:
Some other aspects of the Sine-Gordon model coupled to gravity have been studied recently in ref. [22] . of motion are second order differential equations:
with tachyon stress tensor Θ µν .
To specify a solution, we need two boundary conditions. Following ref.
[3], we will adopt boundary conditions given (i) in the ultraviolet by the bare action and (ii) in the infrared by the requirement of regularity. Let us for now assume the simple form e αφ for the cosmological constant. 'Infrared' means φ → −∞ since α = − √ 2 < 0.
(i) UV: As pointed out in (2.11), the Liouville coordinate is bounded:
This bound on φ does not modify the Einstein equations. ⋄ It just requires specifying the action at the cutoff, S(φ = φ 0 ). As in [3] , we identify it with the unperturbed action S 0 plus the bare matter interaction (∆ is the bare cosmological constant:)
(ii) IR: It has been pointed out [11, 12] that operators that diverge faster than ⋄ The implicit assumption here is that the term log √ĝ in the definition of φ 0 is absorbed in the gravitational dressing of the operators. Otherwise φ 0 varies withĝ and we can no longer expect that the perturbations are (1,1), let alone exactly marginal. One includes the cosmological constant in the tachyon of string theory, replacing, e.g. for the Sine-Gordon model, the ansatz (A.2) by
where T µ is the cosmological constant and f µ , T
µ and h µ are the modified dressings, exact in µ order by order in m.
* Let us assume that m ≪ µ but both are small.
First, one must find T µ and δ µ exactly. T µ has the form of a kink centered at a free parameterφ, related to µ by µ = e √ 2φ and to the bare cosmological constant ∆ by ∆ ∝φe √ 2φ : [3] T µ (φ) = T 0 (φ −φ), T 0 (φ) = 1 for φ → −∞ ∝ φe − √ 2φ for φ → ∞ (B.2) (B.2) satisfies the boundary conditions (i), T µ (0) = ∆ and (ii), T µ is regular as * Although we cannot expand in µ, for µ > 0 we can expand in m.
φ → −∞ (T → 1). δ µ differs from δ by the backreaction of the tachyon T µ on the metric. Like T µ , this difference will decay exponentially in the UV.
Next, one must find the dressings f µ , T
(1) µ and h µ by solving the string equations of motion (A.3) order by order in m. E.g., the tachyon equation of motion, linearized around the background T µ , determines f µ : [3] Since T µ and δ µ are very small in the UV (φ ≪ φ < 0), the equations of motion for f µ , T
µ and h µ are the same as for µ = 0 in this regime and the only role of the cosmological constant is to set the second boundary condition (ii) of appendix A.
E.g., the solutions of (B.3) in the UV are [3] c 1 e In the IR region φ ≪φ, where T µ ∼ constant, the solution of (B.3) that is regular at φ → −∞ grows exponentially. The other, divergent solution does not exist as an operator. To match the solutions for φ <φ and φ >φ, one needs roughly Θ ∼ pφ.
In the UV, φ −φ is large, of order | log a 2 |. So unless p is close to zero, f µ is just Next, let us discuss OPE's in the presence of the cosmological constant. In free field theory, the OPE of two operators with Liouville momenta α, β would produce an operator with Liouville momentum α + β. But in Liouville theory momentum is not conserved because of the exponential potential. Also, if α + β < −Q/2, the operator e (α+β)φ does not exist. Instead, new primary fields V σ = e −Q/2 φ sin(σφ + Θ) will be produced, with some weight f (σ) and less singular coefficients: [12] 
